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Summary—Analyzing Rayleigh waves in structures of a 

piezoelectric solid coated with a patterned metal film layer is of 

great importance in developing acoustic wave resonators. The 

Rayleigh-Ritz method is used to analyze the problem of surface 

acoustic wave (SAW) propagation in the two-dimensional 

resonator structure with simplification as an effort to validate 

novel techniques and methods. Following a standard formulation, 

relatively accurate results are obtained from the approximate 

eigenvalue problem with the consideration of the boundary 

conditions in the analytical procedure. The computational cost is 

relatively low in comparison with the finite element analysis, thus 

making it more practical and preferable as an innovative modeling 

tool for an efficient design procedure. 
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I. INTRODUCTION 

Since White and Voltmer discovered that the metal 

electrodes can enable the surface acoustic waves in 

piezoelectric materials [1], numerous studies on the analysis of 

Rayleigh waves have been published, mainly adopting 

analytical, semi-analytical, experimental, and the finite element 

method to help product design over the following few decades 

[2]–[9]. In this study, we undertook a thorough study of the 

Rayleigh waves in the structure of a piezoelectric substrate 

covered with a metal film by the Rayleigh-Ritz method for a 

better analysis of the displacement and electric fields with a 

novel approach.  

As a popular numerical method, the Rayleigh-Ritz method 

(RRM) can find the approximate frequency of vibrations of 

elastic solids by generating an approximate eigenvalue equation 

with the assumed displacements meeting certain requirements 

such as satisfying the essential boundary conditions to obtain 

the frequency, mode shapes, and phase velocity as part of the 

procedure for device design.  

II. BASIC EQUATIONS 

A layered structure of Au/ZnO is used in this study for the 

dispersion curves with different boundary conditions. To 

analyze the propagation characteristics in the layered Au/ZnO 

structure, a 2D model is considered. To reduce the complexity 

of the numerical calculation, a unit cell of layered Au/ZnO 

structure with one wavelength ( 𝜆 ) wide ( 𝑎 ) and nine 

wavelengths thickness (ℎ) is shown in Fig. 1. 

 

Fig. 1. A unit cell of layered Au/ZnO structure 

The displacements of the Au film are assumed as 
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The displacements of the substrate are  
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The electrical potential of the Au film layer is  

𝜑 = 𝑓(𝑥3) [∑ 𝐴̃𝑖𝑛
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In the above equations, 𝑖 = 1,3, 𝑘 is the wavenumber, ℎ is the 

thickness of the substrate, ℎ̅ is the thickness of the film, 𝑃𝑛(𝑥) 

are the Legendre polynomials, 𝑓(𝑥3), 𝑓(̅𝑥3), and 𝑓(𝑥3) are the 

boundary condition functions, respectively. 

For the open circuit case the electrical boundary conditions 

are expressed as 

𝐷3(𝑥3 = 0) = 0 (4) 
The traction-free boundary conditions are expressed as 



𝜎3𝑖(𝑥3 = −ℎ̅) = 0

𝜎3𝑖(𝑥3 = ℎ) = 0
(5) 

For a shorted circuit case, the electrical boundary condition 

is expressed as 

𝜑3(𝑥3 = 0) = 0 (6) 
The continuity conditions of stresses and displacements 

are expressed as 
𝑢𝑖(𝑥3 = 0) = 𝑢̅𝑖(𝑥3 = 0)

𝜎3𝑖(𝑥3 = 0) = 𝜎3𝑖(𝑥3 = 0)
(7) 

The constitutive relation are 

𝜎𝑖𝑗 = 𝑐𝑖𝑗𝑘𝑙𝛾𝑘𝑙 − 𝑒𝑘𝑖𝑗𝐸𝑘
𝐷𝑖 = 𝑒𝑖𝑘𝑙𝛾𝑘𝑙 + 𝜀𝑖𝑘𝐸𝑘

(8) 

where 𝜎𝑖𝑗  and 𝐷𝑖  are the stresses and electric displacements, 

𝛾𝑘𝑙 and 𝐸𝑘 are the strains and electric fields, 𝑐𝑖𝑗𝑘𝑙 , 𝑒𝑘𝑖𝑗 and 𝜀𝑖𝑘 

are elastic constants, piezoelectric coefficients and dielectric 

permittivity coefficients, respectively 

Substituting (1)-(3) and (8) into the following variational 
equations 

∬𝛿𝑢𝑖(𝜎𝑖𝑗,𝑗 − 𝜌𝑢̈𝑖) d𝑥1d𝑥3 = 0

∬𝛿𝜑(𝐷𝑖,𝑖) d𝑥1d𝑥3 = 0

(9) 

and following a standard formulation by the RRM, the stiffness 
and mass matrices are 

[𝐾𝑖𝑘] = ∬(
1
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(10) 

The following eigenvalue equation is obtained  
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and the phase velocity of the SAW is 𝑐𝑅 =
𝜔

𝑘
. 

To obtain the relationship among the unknown amplitudes 
from the boundary conditions, there is a transformative matrix 
𝐒1such that 

𝛂 = 𝐒𝟏𝛂̅ (12) 
where 

𝛂 = {𝐀𝟏 𝐁𝟏 𝐀𝟑 𝐁𝟑 𝐀̃ 𝐁̃ 𝐀̅𝟏 𝐁̅𝟏 𝐀̅𝟑 𝐁̅𝟑}
T

𝛂̅ = {𝐀𝐀𝟏 𝐁𝐁𝟏 𝐀𝐀𝟑 𝐁𝐁𝟑 𝐀𝐀̃ 𝐁𝐁̃ 𝐀̅𝟏 𝐁̅𝟏 𝐀̅𝟑 𝐁̅𝟑}
(13) 

and  

𝐀𝟏 = [𝐴11 𝐴12 𝐴13 … 𝐴1𝑁]
T 

⋮
𝐁𝟑 = [𝐵31 𝐵32 𝐵33 … 𝐵3𝑁]

T

𝐀̃ = [𝐴̃11 𝐴̃12 𝐴̃13 … 𝐴̃1𝑁]
T

𝐁̃ = [𝐵̃11 𝐵̃12 𝐵̃13 … 𝐵̃1𝑁]
T

𝐀𝐀𝟏 = [𝐴12 𝐴13 𝐴14 … 𝐴1𝑁]
T

⋮
𝐁𝐁𝟑 = [𝐵32 𝐵33 𝐵34 … 𝐵3𝑁]

𝑻

𝐀𝐀̃ = [𝐴̃14 𝐴̃15 𝐴̃16 … 𝐴̃1𝑁]
𝑻

𝐁𝐁̃ = [𝐵̃14 𝐵̃15 𝐵̃16 … 𝐵̃1𝑁]
𝑻

𝐀̅𝟏 = [𝐴̅11 𝐴̅12 𝐴̅13 … 𝐴̅1𝑁]
𝑻

⋮
𝐁̅𝟑 = [𝐵̅31 𝐵̅32 𝐵̅33 … 𝐵̅3𝑁]

𝑻

(14) 

Then the modified stiffness and mass matrices can be 

expressed as 

𝐊̃ = 𝐒𝟏
𝐓𝐊𝐒𝟏, 𝐌̃ = 𝐒𝟏

𝐓𝐌𝐒𝟏, 𝛂̃ = 𝐒𝟏
𝐓𝛂𝐒𝟏 (15) 

So (11) can be rewritten in a modified and reduced form with 

independent amplitudes 𝛂̃ as 

(𝐊̃ − 𝜔2𝐌̃)𝛂̃ = 𝟎 (16) 

III. NUMERICAL RESULTS 

To calculate the SAWs in the finite layered Au/ZnO 
structure, the material parameters of Au and ZnO [10] are listed 
in Table 1. 

TABLE I.  MATERIAL PROPERTIES OF ZNO AND AU 

Materials 

Properties 

Elastic 

constants 
(GPa) 

Piezoelectric 

coefficients 

(C/m2) 

Dielectric 

permittivity 

coefficients 

(10−11C/Vm) 

Density 

(kg
/m3) 

ZnO 

𝑐11 = 𝑐22
= 210, 
𝑐12 = 121, 
𝑐13 = 105, 
𝑐33 = 211, 
𝑐44 = 𝑐55
= 43, 
𝑐66 = 44.5 

𝑒15 = 𝑒24
= −0.48, 
𝑒31 = 𝑒32
= −0.57, 
𝑒33 = 1.32 

𝜀11 = 𝜀22
= 7.61, 
ε33 = 8.85 

5700 

Au 

𝑐11 = 𝑐22
= 𝑐33
= 193.3, 
𝑐12 = 𝑐13
= 𝑐23
= 137.7, 
𝑐44 = 𝑐55
= 𝑐66
= 27.8 

/ / 19300 

 

To show the effect of the boundary conditions on the SAWs, 
we present the dispersion curves of the Rayleigh waves in a ZnO 
substrate covered by the Au thin film. The dispersion curves 
with the consideration of elastic properties and piezoelectric 
properties of ZnO on an open circuit are shown in Fig. 2. The 
dispersion curves from a shorted circuit boundary condition at 
the bottom of the substrate and an open circuit at the interface 



and different mechanical boundary conditions at the bottom of 
the substrate are shown in Fig. 3. 

 

Fig. 2. Dispersion curves of SAW propagation in a layered Au/ZnO structure 

with free boundary condition 

 

Fig. 3. Dispersion curves of SAW propagation in a layered Au/ZnO structure 

with different boundary conditions 

The first wave mode always starts from the fundamental 
Rayleigh wave of the ZnO layer in both cases of open circuit and 
shorted circuit conditions.  

IV. CONCLUSIONS 

By utilizing the standard Rayleigh-Ritz method with the 
consideration of boundary conditions, the analysis of Rayleigh 
wave propagation in a layered finite structure of an Au film and 
a finite piezoelectric ZnO substrate with thickness ℎ=9𝜆 is 
performed. The results have been validated with other methods. 
The lowest branch of dispersion curves starts from the Rayleigh 
wave velocity of the substrate material. This demonstrates the 
Rayleigh-Ritz method is an effective approach for the relatively 
complicated structure of SAW resonators. This is part of the 
RRM procedure for the study of vibrations of SAW resonators 
with the consideration of piezoelectric effects. 
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